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The tree level diagonalization of a neutrino mass matrix with both Majorana and Dirac 
masses is discussed in a general context. Flavor changing neutral currents in such models are 
inevitable. Rephasing invariant quantities characterizing CP violation in FCNC Fermion- 
Higgs interactions are identihed. At the one loop level, the mass eigenstates become an 
impure Majorana type. The possibility of a significant change in the mass spectrum for the 
left-handed neutrinos is explored, with an example of two species of neutrinos. Neutrino 
oscillations with impure Majorana neutrinos are also discussed. 
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Data from more and more neutrino oscillation experiments hint at non-zero neutrino 

masses [1]. Furthermore, the available data seem to indicate that the mass squared differences 
of the neutrinos, if they exist, form a hierarchical spectrum. This is to be compared with 
the fact that the masses of each type of charged fermions have a hierarchical spectrum. If 
neutrino oscillations exist, this will be a very strong motivation for introducing neutrino 
masses in the theory. Another motivation for massive neutrinos is that they could be a 
candidate for the dark matter in the universe. 

Neutrinos are very different from other fermions, because it is electrically neutral. Since 
neutrinos arc neutral, it may have two different types of masses, the Dirac masses, which 
is similar to the masses of all charged fermions; and the Majorana masses, which require 
the violation of the fermion number conservation. Since fermion number conservation is not 
regarded a fundamental principle in most gauge interaction models, neutrinos are very likely 
to have Majorana masses, if they are massive. 

In the minimal standard model (SM) neutrinos are massless. There is no way to write 
a mass term for the neutrinos in SM without breaking the gauge symmetry of this model. 
However, one can give neutrinos masses with a minimal extension of the SM. One can, for 
example, add a Higgs triplet to SM and obtain a new term 

K^^^lCAr.^^^ + h.c. (1) 

where ip^^ = ^'^^ ^ is the lepton doublet. Note, i^l here as an eigenstatc of interactions 

is a Weyl spinor. k^- is a 3 x 3 matrix of the Majorana coupling constants. This matrix 
must be symmetric, because ip'^.Cip^^. — ip'^.Cip^^. The anti-symmetric part of the coupling 
matrix, if it exists, does not contribute (The anti-symmetric part is cancelled out by itself.). 
If the vacuum expectation value of is non-zero, then neutrinos will be massive, with 
a symmetric mass matrix Ml, and the lepton number conservation will be spontaneously 
broken. One needs both small coupling constants and small VEV of A^, to accommodate for 
the observed tiny neutrino masses in such a model. 

One can also introduce, instead of A^, right-handed neutrinos i/^.. One then has 

9^J^'^C<P^i^.. + 4/.^^ + h.c. (2) 
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where symmetric Majorana coupling matrix, and ^ is a mass scale. Here again we 

meet with Majorana mass terms, the mass terms for the right-handed neutrinos. These 
mass terms do not vanish, unless fermion number conservation is imposed on the model. 
The Dirac-type Yukawa coupling constants gij are an arbitrary matrix. A possible criticism 
to this model says that since the fields z/^^ do not have any gauge interactions of the SM, it 
does not look appealing to have them; unless there are some other interactions beyond the 
SM interactions which involve i/^. . After develops VEV, we obtain a 6 x 6 symmetric mass 
matrix, if there are three generations of fermions. The mass matrix of mass terms (2) is, in 
the form of 2 x 2 block matrix 



Combining mass terms (1) and (2), a general mass matrix of the neutrinos has the form 



Models like the left-right symmetric models, the SO{W) grand unification models[3], 
and their supersymmetric extensions, necessarily require massive neutrinos. A characteristic 
property of these models is that they all need neutrinos to have Majorana masses, if neutrino 
masses of the order of the masses of the charged fermions are to be avoided. Indeed, in these 
models, neutrinos obtain Dirac masses which are "naturally" compatible with the masses of 
charged fermions. In order to produce the acceptable tiny masses for left-handed neutrinos, 
out of these much too large Dirac neutrino masses, a see-saw mechanism must be applied[2]. 
Consequently, one needs at least an original large right-handed Majorana neutrino mass 
matrix. The effective neutrino mass terms in these models can be represented by Eq (2), or 
by the combination of Eqs (1) and (2). The latter case with a non-zero VEV for A^, is not 
popular. In either case, it is not difficult to make the model satisfy the condition nfj — 
by suitably applying the L - R symmetry of the models. 

This note will be divided into two parts. The first part is limited to the tree-level 
discussions. Flavor changing neutral currents (FCNC) interactions mediated by Higgs bosons 




(3) 



where Mij = ^gijV, and Mmj = nf-ii. When = this is the model with only Dirac masses. 




(4) 



which is symmetric [2], with M^j^ = k^- < A/, >. 
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and neutrino related CP violation are discussed in a general context. First loop effects will 

be discussed in the second part. These effects include impure Majorana states as mass 
eigenstates and the asymmetry of decay products due to CP violation. The potential of a 
significant change in the mass splitting between Majorana neutrinos is explored. 

First let us discuss the general diagonahzation problem in order to see the FCNC neutrino 
interactions on a precise basis. A symmetric matrix S, like that in Eq (3) or (4), can be 
diagonalized by one unitary matrix in a symmetric way [4], 



where D is a diagonalized matrix with all elements real and no less than zero, and U — 
X e**^ with C/i, a unitary matrix which satisfies 



and is a real diagonal matrix such as to make D real and definitely non-negative. 

If the see-saw mechanism is at work, block diagonalizing the complete neutrino mass 
matrix of the type of Eq (3) with Mr » M, one ends up with a tiny Majorana mass 
matrix for the left-handed neutrinos, as expressed in the following formula[2] 



where Mr is the large 3x3 right-handed Majorana mass matrix, and M is the 3x3 Dirac 
mass matrix of the neutrinos. Here we assume the original left-handed Majorana mass matrix 
is either zero or negligible {Mi = 0). Otherwise there will be an additional 3x3 original 
left-handed Majorana mass matrix at the right-hand side of the equation. Note that Eq (6) 
is symmetric, which is consistent with its Majorana property. This formula is widely used 
in the literature, but sometimes wrongly recorded. 

Second, one notices that the flavor changing neutral currents (FCNC) in the neutrino 
sector is inevitable and copious, when Dirac and Majorana masses are both present in the 
models, particularly in any see-saw models of neutrino masses. Indeed, expressing the unitary 
matrix which diagonalizes the full neutrino mass matrix in a 2 x 2 block form 



U^SU = D 



(5) 



M^-^= - MM^^M^ 



(6) 




(7) 
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one finds that the following matrices are diagonalized very accurately after the full mass 
diagonalization 

= U^^MnUl (8) 

andg 

= U^^M'^'^U^ (9) 

where M^^ is defined in Eq (6). However the new Majorana coupling constants between 
the left-handed neutrinos and the left-handed triplet 

= Ur-LU^L = UrU^*^U^^U^ (10) 

is not diagonalized, where left-right symmetry is assumed in the second step. Neither is the 
new Yukawa coupling constants among the left-handed neutrinos, right-handed neutrinos 
and the doublet Higgs 0° 

,^ = f/f,[/^. (11) 

Consequently, flavor changing neutral currents (FCNC) mediated by the neutral component 
of the triplet A° and by the neutral component of the doublet 0° exist in general. 

One may wonder how these FCNC interactions have affected the abundance of different 
species of relic neutrinos from the big-bang universe. A quick examination tells that these 
interactions are too weak to have such an effect. Actually, the average rate of the relevant 
process (e.g. + u^^ A° 2z/^J {(rvn)T^ at the temperature ~ 10 eV, the assumed 
heaviest mass of left-handed neutrinos, is much smaller than the then Hubble constant H{Td) 
for all reasonable masses of A^^. 

As CP violation involved in massive neutrino models is concerned, one notices that CP 
violation comes from several sources. There are CP violations mediated by Wl and Wr, 
which are characterized by their corresponding CKM matrices. Of special interest is CP 
violation rooted in the non-diagonal neutrino interactions of (10) and (11). CP violation 
in Higgs coupling constants is defined by the imaginary parts of the rephasing invariant 
quartets[5], e.g. 

^ia = £ijk£ai3'rfiff3f^k-yf^f-y*f^ki3 (^o summatlou) (12) 
2 Or U^^M^^U^ + U^'^M^U^ if Ml in (4) is tiny but still significant. 
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It is found that it is impossible to make a non-trivial quartet by interfering two tree diagrams 
for the Majorana couphngs in Eq (10). Therefore, tree level CP violation with FCNC 
Majorana couplings does not exist. Such CP violation exists for the Yukawa couplings in 
Eq (11), which is quite similar to the charged current gauge couplings, except for the lack of 
universality for the Yukawa couplings. Note, since (or g^) here is not unitary, therefore 
ImAf^ (ImA^) for different processes are different. These quantities are small if there is a 
hierarchy in the matrix elements. Since all the phases in the coupling matrices are subject 
to change by rephasing the neutrino fields, there are only four independent useful phases in 
and three in k^, if these matrices are of dimension 3x3. Consequently, when one Aj^ 
is purely imaginary (so-called having a maximal CP violation), the others may not. Such a 
concept of maximal CP violation is widely used in the estimation of baryon excess due to 
CP violation[6]. The number of pure imaginary AjQ, is limited to three for k,^ and four for 
g^ respectively. One can also find a matrix with all its Aj^ having significant phases, for 
instance, a matrix with the following phase distribution: 



where a zero element means the matrix element is real. This is to be compared with maximal 
CP violation in the CKM matrix, where none of the quartets can be made purely imaginary 
because of the unitarity constraint. 

Other interesting new CP violation sources are in the charged Majorana couphngs. For 
example, the A£ couphng of Eq (1) 



There will be a similar term for the right-handed neutrinos, if the model is L-R symmetric, 
and there is only one pair of Al - Ar, 



Of course each of these coupling constants have their own corresponding quartets to be 



/ Vi Vi\ 




(13) 




(14) 



discussed. 
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The above discussions are only valid at the tree level. When loop effects are introduced, 
there will be some more interesting physics, in particular, the physics somehow resembles 
that in the — system. This piece of physics, especially that of right-handed neutrinos, 
has recently aroused some enthusiasm due to a brilliant paper by Flanz, Paschos, Sarkar, 
and Weiss (FPSW)[7]. Essentially, the Weyl fields i/^ and z/^, which are the eigenstates of 
interactions, are mutually CPT conjugated. This system would have been an exact copy of 
the — K^ system with asymmetric decay products (e.g. the l'^ /l~ ratio is not 1), if mixing 
mass terms between and u^^ were not forbidden by Lorentz invariance. FPSW found a 
two species system, which may fulfill that kind of mixing. A further study of their system 
will be given here. An extension of their discussion to the left-handed neutrinos will also be 
attempted. 

Consider first two neutrino states of the same chirality, the Hamiltonian at the tree level 
after mass diagonalization is (i^^ = and assuming CPT) 



( yl\ 



(15) 



where 











Mn 
















M22 




MA 











v 














(16) 



z/„ and v'^ , 



instead of u'^ ) are 



Note here only neutrinos with a specific chirality (e. 
considered. This form is convenient for separating the absorptive part from the dispersive 
part of the Hamiltonian, which will become clear in a moment. At the tree level, the Weyl and 
the Majorana states are equivalent, so far as the mass (and the decay life time) eigenstates 
are concerned. This is not true when loop effects are considered. The loop corrections (see 
Fig. 1, which is copied from Ref[7].) to the zeros in H^^^ are convergent [8], if the theory is 
renormalizable and these corrections do not have counter terms. Including loop effects, the 
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total Hamiltonian is expressed as 



H = 



^(0) fficorr) 



/ an ai2 \ 

ai2 "22 

dill ai2 

V ai2 0:22 / 



(17) 



/ 




A/f* ^ T* A/f * ^ T* 

^^-'11 2 11 12 I""- 12 

1 A//"* — ^r* M* — ^r* 

\ -'"12 2^ 12 -'"22 2^ 22 



Mn-|rn M12 
Mi2-iri2 M22 













There are no odd terms of the eigenvalue A in the eigenequation for H^^^ + H^'^°'^'^\ One 



therefore has 



A2 — —A 



A4 = -A3. (ImAi < 0, ImAs < 0) 



(18) 



The eigenvectors turn out to be ahiiost Majorana states, or impure Majorana states as they 
are called. These eigenstates Mg = {xj3,yj3, zp,Wj3), with (3 = 1,2,3,4, are expressed as, up 
to normalization constants 



A phase redefinition of the eigenstates with /? — 2,4, which are almost CP odd, will change 
the signs of their eigenvalues, so to let them have positive widths. In other words. Mi and M2 
are two orthogonal mass eigenstates with exactly the same mass and width. In the following 
we will take a phase convention to make an = an, 0:22 = Q;22- 

It is easy to discuss the solutions in two special cases. 

Case 1: |a22| >> >>|ai2|. One finds, Ai ~ 022, A3 ~ an, and to the leading 

orders (A3 must be calculated to the next leading orders in order to obtain the following 
answer.), the eigenvectors are: {5 — ai2/a22, S — ai2/a22, 7 = Q;i2/ai2) 



(anQ;22 - a?2)«i2 + A^ai2, 
(anQ;22 - ai2)"n + A^a22, 
A/3(a22ai2 + oiuOiu), 



(19) 



A^(anan + ^uau) + A^. 



Ml 
M2 
M3 
M4 



{6 16 1), 

{ -5 -1 ~5 1 ), 

i 1 -iS 1 -5 ), 

( -1 75 1 -S ). 



(20) 
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Note that the mass (decay) eigenstates are of impure Majorana type. Assuming charged 
Icptons in z/j decays while an equal amount of anti-chargcd Icptons in vf decays arc found, 
one then has the lepton-anti-lepton asymmetry in the decays of these impure Majorana 
particles: 



5i 



(5. = 



V{M'i^l-+x)-T{Mi^l++x) 
T{Mi-^l-+x)+T{Mx-^l++x) 

T{M3^l-+x)-T-i{M3^l++x) 
T{M3^l-+x)+T',{M3-^l++x) 



|Qi2p-|ai2p _ JmMi2r|2_ 



2|a22p 



^^22+^22/4' 



(21) 



5i. 



The formula of 5i can be further expressed by nontrivial Aj^ as illustrated in Ref[4, 1986]. 

Case 2: |ai2| >>|a22| >>|cni|- 
In this case, the F part of the Hamiltonian is negligible. The interesting new physics is 
twofold: First, the masses are enhanced from ccn and 0:22 to about 0:12. Second, the splitting 
is enhanced from q;22 to ■s/a^^otu.- Since both masses are now of the order of ai2, this is 
a fascinating mechanism to obtain almost degenerate masses (in terms of their mass ratio 
being close to 1) and a large mixing. It seems that this mass spectrum is not favored by the 
present data, although the present data are still to be clarified. The mass eigenstates are 
now 



M2 

Ms 

V M4 y 



V 



1 1 

-1 -1 

1 -1 

-1 1 



/ ^1 \ 



(22) 



V J 



which are pure Majorana states, if the decay rates are neglected. Looking at the 4x4 
full mixing, one may wonder whether it necessary to work on a 4 x 4 mixing matrix when 
discussing neutrino oscillations of two species of neutrinos. To discuss this, let the gauge 
couplings be, in the 4x4 form. 



il,w-) V 



( ^1 \ 

M2 
M3 

V M4 / 



(23) 



where the 4x4 mixing matrix V is 



V 





( P+ 


P+ 


-P- 


-P- 


\ 


1 


P- 


P- 


P+ 


P+ 




2 


P+ 


-P+ 


P- 


-P- 






\P- 


-P- 


-P+ 


P+ 


J 



{p± = COS 9 ± sin 9) 



(24) 



where 9 is the tree level Cabbibo angle between the two species. Suppose at the production 
point a neutrino is produced together with , then its wave function at a later time t will 
be 

(25) 

i[p+(z/i + z/2)e-*'"i* + p_(i/i - i/2)e-^'"3t]. 

One then has, at the detector, 

|(V'(t,i^i)IMr = ^{l±cos2^cos[(mi-m3)i]}. (26) 

A special situation is when AmAi >> 27r, where At is the uncertainty of the time measure- 
ment, the oscillation part is wiped out and the two species seem to be 45° mixed. 

Finally, let us calculate the loop diagrams in Fig. 1 in order to estimate the size of the 
effects. The boson and fermion in the loops of Fig. 1 can be (A~/A*^, l'^ jv\ or {(f)'^ / (p^^ ^ /^); 
and the first combination has a potential to contribute a significant effect. It has been realized 
that the Higgs-fermion couplings may be large, since the discovery of the top quark. As an 
example, the first combination will be considered here. For right-handed neutrinos, in the 
basis where the right- handed neutrino masses are already diagonalized at the tree level. 



a^^^^^EMfl, (27) 

'? 9 

where Mf = {UlU^*)^, Iir = T^;^(-l - ^^^J and /i^ is the mass of Ar. The 
calculation is scale (P^) sensitive because the outside propagator is pat!"^^ ■ The uncertainty 
in the momentum flow (P^) will disappear in special physical situations. is chosen to be 
= K^Ri + "^ffi) (27) and the assumption of P^ >> -|- mf is made. 

The diagrams in Figure 1 for left-handed neutrinos do not enjoy GIM suppression, and 
therefore are divergent. A more careful calculation is needed in order to obtain loop correc- 
tions. A guess is that because of the smallness of the left-handed neutrino masses, which are 
produced by the see-saw mechanism, the corrections can be large to satisfy the condition for 
Case 2, perhaps for one pair of the left-handed neutrinos. 

Some of these discussions may apply to models with both Dirac and Majorana masses 
for charged particles[9]. In these models, opposite charged leptons coexist. 
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The FCNC and Majorana interactions among neutrinos may play a role in the neutrino 

scattering in the early universe when the temperature is very high. These interactions do 
not respect lepton number conservation, e.g. one may have 

^R+^R^^R^^R + ^R- 

This process is possible because A^j, which is a component of the right-handed triplet, 
develops VEV. Aij is part of the 126-plet in the 5'O(10) models (in some models, 126 is a 
composite field) . These interactions provide a vehicle for lepton and anti-lepton numbers to 
reach an equilibrium at extremely high temperatures, even if there is a large lepton number 
excess at the beginning. On the other hand, the existence of CP violation in the neutrino 
sector plus lepton number nonconservation processes may contribute to a baryon number 
excess immediately after the decoupling of some heavy particles [6]. 

In conclusion, massive neutrino models are likely to have flavor changing neutral currents 
in the Higgs mediated neutrino interactions. In the models that use the see-saw mechanism 
to explain the smallness of the neutrino masses, FCNC are inevitable. 

The author acknowledges R. Arnowitt for conversations and discussions at an early stage 
of this work and Z.Z. Xing for communications and comments. He thanks X.M. Zhang and 
H.Q. Zheng and D. Lichtenberg for encouragement. This work began during a summer visit 
to Texas A&M University. The National Science Foundation partially supported this work 
by a NSF HRD grant. 



11 



I- 





Figure 1: A one loop contribution to the mass matrix 
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